RAY CLASS GROUPS OF QUADRATIC AND CYCLOTOMIC FIELDS 



JING LONG HOELSCHER 

Abstract. This paper studies Galois extensions over real quadratic number fields or 
cyclotomic number fields ramified only at one prime. In both cases, the ray class groups 
are computed, and they give restrictions on the finite groups that can occur as such Galois 
groups. Also the explicit structure of ray class groups of regular cyclotomic number field 
is given. 



1. Introduction 

Let K be either a real quadratic number field or a cyclotomic number field. We study 
the Galois extensions over K ramified only at one prime in K by computing the ray class 
groups of K. 

In Section 2, we consider extensions L of real quadratic fields K = Q(Vd) ramified 
only at one prime p of K. Say p\p, a rational prime. If p remains prime in K, then there 
exist such extensions L of arbitrarily large degree over K (see Theorem ll.3p . But if p 
splits, then [L : K] must be finite, and can be bounded explicitly in terms of the field 
®(Vd) and the prime p. We first compute the ray class numbers in each case, then give 
restrictions on the finite groups that can occur as Galois groups over K ramified only at 
p. In the splitting case, the main results are 



Theorem 1.1. Let K = Q(v d) be a real quadratic field with square-free positive integer 
d. Assume the prime p splits completely as p\p2 in K/Q, and p does not divide the big 
class number of K . Let L/K be any pro-p extension ramified only at pi with Galois group 
G = Gal (L/K). Then G is finite cyclic. 

In fact, for any abelian extension L/K ramified only at pi, the order [L : K\ is bounded 
explicitly in terms of K and the prime p (see Proposition 12.21) . In the case the prime 
p = 2 splits in K/Q, any pro-nilpotent extension of K, that is ramified only at a single 
prime above 2 in K, is a finite cyclic 2-group on certain conditions of 



Corollary 1.2. Let K = Q(yd) be a real quadratic field, where d is a square-free 
positive integer such that d = 1 mod 8 (so 2 splits as 2 = pi • p 2 in K). Assume the big 
class number {Cl^l of K is 1. Then the maximal pro-nilpotent quotient 7t™ p (£/k- iPi ) of 



ki(Uk,px) is Z/2 m_1 Z with m = v pi (u 2 — 1) — [ JV ^ +1 ] ; where u is the fundamental unit 
of K and v Vl is the valuation at pi. Thus if L is any pro-nilpotent Galois extension of K 
ramified only at pi, then Gal(L/K) is a finite cyclic 2-group. 

On the other hand, in the non-split the next theorem shows, Gal (L/K) can 

be arbitrarily large for extensions L/K ramified only at one prime p. Any such extension 
L/K is contained in a ray class field Rk for some positive integer k. If we assume the 

l 
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fundamental unit of K has norm 1, Kitaoka constructed a maximal real sub-extension of 
the ray class field R\ of prime conductor p in |Kij . Theorem II .31 b elow gives a description 

k 

of the ray class fields Rk, which relies on the explicit order of the ray class group \Cl p K \ = 
[Rk '■ K] , computed in Proposition 12.81 

Theorem 1.3. Let K = Q(y/d) be a real quadratic field with square-free positive integer 
d, and suppose p remains prime in K/Q. Let H, resp. Rk, be the big Hilbert class field of 
K , resp. the ray class field of K mod p k , and let u = a+b ^ be the fundamental unit of K. 

a) Then for k >>> 0, Rk+i = -Rfe(Cp fc + 1 )/ 

b) In the case p = 2, we also assume N(u) = — 1 and a,b are both odd. Then 
R k = H(V2u, CaO ifk>2, and R 1 = H. 

In section 3, we consider the p-part of the ray class group CI™ of a cyclotomic number 
field K = Q(C P ) mod m = (1 — ( p ) k for an odd prime p. Proposition 13.51 gives the order 
of CI™ in the case p is regular, which is a product of a power of p and the class number 
of K; Proposition 13.71 shows the rank of CI™ is p ^-; and Theorem 11.41 below gives the 
explicit structure of the ray class groups for a regular prime p. 

Theorem 1.4. For k > 3 and a regular prime p > 2, we write k — 2 = k + m(p — 1), 
where < k < p — 2 and m = [^f] ■ Then the ray class group of K = Q((p) mod 
m = (1 — Cp) h is: 




Cl K x (Z/p m+1 Z)[^l x {%jp m Xfr-^ ifk ^p-2, 
Cl K x (Z/p^Z)^ x (Z/p m Z) ifk Q =p-2. 



The formula given in the above theorem is consistent with the data in Remark 13.91 
computed using }PARI2j . As an application, we consider tamely ramified meta-abelian 
Galois extension over Q ramified only at p. 

Corollary 1.5. Let K/Q be a meta-abelian Galois extension only tamely ramified at 
p and unramified everywhere else. Then K is contained in the Hilbert class field ofQ(( p ). 



2. Extensions over quadratic fields 

In this section, we always denote by K a real quadratic number field Q(yd) where d is 
a square free positive integer. We consider algebraic extensions L/K ramified only at one 
prime p of K. Say p\p, a rational prime. If p remains prime in K, then there exist such 
extensions L/K of arbitrarily large degree (see Theorem 11.31) . But if p splits completely 
in K/Q, the degree [L : K] must be finite, and can be bounded in terms of the field K 
and the prime p (see Proposition 12. 2p . 

2.1. Split Case. Suppose the rational prime p splits as p = pip 2 in the real quadratic 
field K = Q(y/d). The splitting condition is equivalent to the assertion that d = 1 mod 8 
in the case p = 2. Let Ok be the ring of integers of K. We will look at the fundamental 
unit of K. 
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Lemma 2.1. Let K = Q(v d) be a real quadratic field with fundamental unit u. Assume 
2 = P1P2 splits completely in K/Q. Then the pi-valuation v px (u 2 — 1) > 2. 

Proof. The prime 2 splits completely in K/Q, so d = 1 (mod 8). And the fundamental 
unit u is of the form , where a and 6 have the same parity. Since N(u) = ±1, i.e. 
a 2 — 6 2 <i = 4N(u) = ±4, we have a 2 — b 2 = a 2 — b 2 d = 4 mod 8. We know that the 
quadratic residues mod 8 are 0, 1 and 4, so a and b are both even. Write a = 2a' and b = 
2b'. Then a' 2 -b' 2 d = ±1, so a' and b' have different parities. Now u = l + 2( a '- 1 + fcV5 ) = 1 
mod 2, where <^±±^ e O^. So z/ pi (w 2 - 1) = ^(4(^±^)(^±^ + 1)) > 2. □ 

For any integer fc > 1, denote by the ray class group of if modulo m = p*. Let 
C?+, resp. 0™ be the group of totally positive units of C^, resp. of totally positive units 
= 1 mod m. We consider any abelian extension L over K ramified only at pi. Define 
Sd, P to be the order of 0* + /O v +, so Sd, P is the smallest integer such that u s Q d ' p = 1 mod 
pi. Also define m d>p = v Pl (u s d ' p — 1) to be the pi-valuation of u s Q d ' p — 1, so m d , p > 1. The 
proposition below says that Gal (L/K) is finite and is bounded explicitly in terms of s d;P , 
m d)P and the big class number. 

Proposition 2.2. Suppose K = Q(y/d) is a real quadratic field with d square free. 
Assume a prime p = pip2 splits completely in K/Q. Let L be any abelian extension of K 
ramified only at pi, then Gal (L/K) is finite. 

a) If we also assume the fundamental unit u of K has norm —1 when p = 2, then for 
any prime p the ray class number 



I ~ 1) C P P 1 • \ CI k\ l f k > m d, P , 



\Cl K \ ifk<m djP . 

k 2 

b) In the case p = 2 and N(u) = 1, the ray class number \Cl^ \ < 2 Vv ^ u ~^~ 2 \Cl K \. 
Proof. By class field theory, we have the following exact sequence: 

(2.3) 1 -> oyo v } - (Pk/pXY -> cii -> ci l K - 1. 

Proposition 1.4 in |CDO] gives the order of (Ok/ Pi)*, which is (pf — 1) • pf^ 1 ^ = (p — 
l)p k ~ 1 , since p splits completely. By the Dirichlet unit theorem, we know 0\ has only one 
generator, say uq, i.e. 0\ = {uQ} ne z- For part a), the valuation u Pl ((u s Q d ' p ) p — l) = m d , p +l: 
when p > 2, v Pl ((u s d ' p ) p — 1) = min {pm dtP , m djP + 1} = m dtP +l; when p — 2, the condition 
N(u) = —1 and Lemma I2TT1 implies m d2 > 2, thus also u pi ((u s d ' p ) p — 1) = m d>p + l. Taking 

successive powers of p, for any k > m djP , one has v Pi ((u S q' p ) p d,p — 1) = k by induction 
on k. So for k > m d:P , we have 0$ = {^^""''"inez and 0* + /O p } = Z/s d , p p k - m ^. 



From the exact sequence 12. 3^ we have jC/^l = |C/^ | = - — - — — — — for k > m^p. 

For 1 < fe < m diP , we have |C7$ | = (p ~ 1) ^" 1|C ^ 1 . 

For part b), we have O* = {u n } n( zz since N(u) = 1. From lemma 12.11 we have 
z/ Pi (m 2 — 1) > 2. Then for any fe > z/ pi (u 2 — 1), by induction we have v Pl (u 2 + Plt } — 1) = 
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k. So 0& = { u i k+1 -^ (u _1) } nez , thus 0*/0*Z = Z/(2 fe + 1 -^i(" 2 - 1 )) for k > u pi (u 2 - 1). 
By the exact sequence E31 we have \Cl$\ = 2 v ^ {u2 -^- 2 \Cl l K \ for k > u Pl (u 2 - 1). When 

k < v px (u — 1), we have the surjective map Clg -» Cl^, so for any k > 0, 

|C7g | < |C7g | = 2^i(« 2 -i)-2|c^| ; w hich concludes part b). 

Any abelian extension L/K ramified only at pi is contained in the ray class field for the 
modulus p^ with some positive integer k. So [L : K] is bounded by part a) and b). □ 

Corollary 2.4. Suppose K = Q(\/d) is a real quadratic field with \Cl\\ = 1, where 
d is a square-free positive integer such that d = 1 mod 8 (so 2 sp/iis as 2 = pip2 in X/ 
Define m = Vp^u 2 — 1) — [ 2 1 ], where u is the fundamental unit of K. Then 

1) any abelian extension L/K ramified only at pi is a finite 2-extension with degree 
[L: K]< 2 m - 1 ; 

2) every group in ^a(Uq^) Pl ) is a quasi-2 group, where ^a(U^^ pi ) is i/ie sei 0/ 
aZZ Galois groups of finite Galois extensions L/K ramified only at pi. 

Proof. For part 1), if iV(-u) = —1, then m = u Pl (u 2 — 1) = 777.^2 and no = n 2 . From Lemma 

12. 1| we know f Pl (n — 1) > 2, thus s^2 = 1- We get \Cl p ^\ < 2 m_1 by applying part a) 

of Proposition 12.21 If N(u) — 1, m — v Pl (u 2 — 1) — 1 and we also have \Cl^\ < 2 m ~ 1 by 
part b) of Proposition 12.21 Since Cl x K is trivial, we have that Gal (L/K) is a 2-group, and 
[L : K] < 2 m ~ l . This proves part 1). 

For part 2), take any group G G ^a^Pqu/^) Denote by p(G) the subgroup of G 
generated by all elements of order a power of 2. Then G/p{G) is of odd order, thus 
solvable. If G/p(G) is nontrivial, then there exists a nontrivial abelian odd extension 
of K ramified only at pi. This is impossible, since part 1) says that any such abelian 
extension has degree a power of 2. So G/p(G) is trivial, i.e. G is a quasi-2 group. □ 

Example 2.5. In the quadratic field K = Q(\/Tf), the prime 2 splits into pi = ( 5 +^ ) 

and p2 = ( 5 ~)j ). i/ere £/ie fundamental unit u = 4 + vT7 aas norm N(u) = — 1, and 

m = v Vl {u 2 — 1) = 3. TTie ray c/ass /ie/d o/iT mod p 2 is tae /ie/d Q(\/l7, yi + VT7). 
T/ie maximal abelian extension of K ramified only at pi is tae ray class field of K mod 
p^ for any k > 3, which has degree 4 over i^. 

In the next proposition we will show that any j>extension over K with big class number 
not divisible by p, and that is ramified only at pi, has to be cyclic. 

Proposition 2.6. Let L be a pro-p extension of a quadratic number field K = Q(Vu) 
with the big class number not divisible by p. Also assume that p splits completely in K/Q, 
i.e. p = P1P2, and L/K is ramified only at pi. Then Gal (L/K) is cyclic. 

Proof. Denote by G the Galois group Gal (L/K). Take the fixed subfield Kq of the 
commutator subgroup G ; then Kq is the maximal abelian sub-extension of L/K. If 
Gal(Ko/K) is not cyclic, we can pick a Z/pZ x Z/pZ quotient of Gal (Kq/K), which 
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corresponds to a subfield Ki/K. The field K\ is not Galois over Q, since it is ramified 
only over pi and unramified over p 2 . The extension Ki/K is totally ramified at pi since 
the big class number is prime to p. Take the conjugate extension K 2 of K\ over Q, 
which will be totally ramified over p2 over K and unramified over pi; so K\/K and K 2 /K 
are linearly disjoint. The compositum K\K 2 is Galois over Q. Denote by H the Galois 
group Gal (KiK 2 /Q). Then H is the wreath product of Gal (KJK) £ Z/pZ x Z/pZ and 
Gal (K/Q) = Z/2Z, where the action of Gal (K/Q) interchanges the two copies of Z/pZ x 
Z/pZ corresponding to Gal (Ki/K) and Gal (K 2 /K). Thus H = (Z/pZ x Z/pZ) 2 x Z/2Z 
is a semi-direct product. Denote by xi,x 2) resp. £3,2:4 the generators of Gal (Ki/K), 
resp. Gal (K 2 /K). The involution i e Gal(i^/Q) interchanges i^i and H^, and « extends 
to an involution i e Gal (KiK 2 /Q/), that sends Xi to X3 and sends £2 to £4. Take the 
subgroup Hq of if generated by xixj 1 and £2^4 ; then H = Z/p x Z/p. The action of 
i on H sends Xi^J 1 to a^a;^ 1 = (x\x^ and sends £2^4 1 to £4X2 1 = (22^4 Thus 
H is normal in H. The quotient H/H = {x\ = xz,x 2 = X4,i'\xi = l,x 2 = l,i' 2 = 
l,xix 2 = x 2 xi,xii' = i'xi,x 2 i' = i'x 2 } is abelian and H/Hq = (Z/pZ) 2 x Z/2Z, which 
corresponds to an abelian extension of Q ramified only at p and possibly 00. That is 
impossible by class field theory. So Gal(i^ /i^) = G/G' is cyclic. By the Burnside basis 
theorem, Gal (L/K) is also cyclic. □ 

Combining Propositions 12.61 and 12.21 gives Theorem II .11 in the introduction. For the case 
p = 2, we can get a description of nilpotent extensions over a real quadratic field with a 
single ramification. Next we will give the proof of Corollary 11.21 in the introduction. 

Proof of Corollary \1.2[ Suppose L/K is a maximal pro-nilpotent extension. Denote by G 
the Galois group Gal (L/K). So G is a pro-nilpotent group. We can decompose G into a 
direct product of pro-p groups for various primes p: G = Y[ S j=i Pj- F° r each Gi := Ylj^i P31 
we denote its fixed subfield of L/K by Lj. For the Frattini subgroup $(-Pj) of each Pj, we 
denote its fixed subfield of L^/K by Ki. 

If 2 I I Pi |, then Li is a pro-2 extension over K ramified only at pi. By Proposition 
I2.6[ Li/K is a cyclic 2-extension, thus abelian. By Proposition 12. 2\ the Galois group 
Gal (Li/K) is a finite cyclic 2-group of order 2 m_1 , where m = v Pl (u 2 — 1) — [ iV( -^ +1 ]. 

If 2 \ |Pj|, then Li is a pro-p extension over K, where p \ \Pi\ is different from 2. Here 
Ki/K is abelian, so by Proposition 12. 2\ Gal (Ki/K) is a finite 2-group, thus trivial. By 
the Burnside basis theorem Pj = Gal (Li/K) is also trivial. 

So the Galois group Gal (L/K) is a finite cyclic 2-group of order 2 m ~ 1 . □ 

2.2. Non-Split Case. Now assume the prime p remains inert in the real quadratic field 
K = Q(^/d). Unlike in the split case where the ray class number is bounded in terms 

k 

of d and p, here Cl p K can be arbitrarily large when k increases. We will first give some 

notations. For k > 0, denote by Cl p K the ray class group of K modulo m = p k . Let 
resp. O™, be the group of totally positive units of the ring of integers Ok, resp. of totally 
positive units = 1 mod m. Let u be the generator of 0* +1 so u is the fundamental unit 
u if the norm N(u) = 1, and Uq = u 2 otherwise. Define Sd tP to be the smallest integer 
such that u d ' p = 1 mod p, i.e. s^ p = \0* + /O p + \. And define m d)P to be the valuation 
v P (u S d ' P - 1), so m d)P > 1. 
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Lemma 2.7. Let K = Q(vd) be a real quadratic field with a square-free integer d = 5 
mod 8 (so 2 remains prime in K). Assume the fundamental unit u = 2±|Y_i y /j as 
norm — 1. TTien = 2. ylnd = 3 if a is odd; Sd,2 = I if a is even. 

Proof. Pick any w = x+yy/d with N(w) = — 1 and x, y £ Z. We claim that ^(if 2 — 1) = 2. 
We have x 2 — y 2 <i = N(w) = — 1. Working modulo 8, we know x, y are of the form 
x = 8x' ±2, y = 2y' + 1. Write t = Ezlziyg . then ^ = _ x / 2 and JV(t + 1) = x/2, so 
^p(t) = = v p (t+l). Thus w 2 — 1 = 4£(l + i) has 2- valuation exactly 2. Since iV(u) = —1, 
Uq = u 2 and 0\ = {Mo}„ e z = {w 2n } n ez- If 2|a, then by the argument above with replacing 
w by it, we have m<f,2 = ^2(^0 — 1) = 2, thus s<2,2 = 1- If 2 \ a, u — 1 = ua ^ mod 2 and 
ujj - 1 = au(2 + ua) + mod 2. By 10.2.E of [Ri], u\ G Z[v^] with JV(ug) = -1. By the 
same argument above with replacing w by u 3 , we know z/ 2 (ug — 1) =2, thus s<f )2 = 3 and 
m d o = 2. □ 



Proposition 2.8. Let K = Q(\/d) be a real quadratic field with square-free positive 
integer d. Assume the prime p remains prime in K/Q. 

1) If we also assume the fundamental unit u of K has norm N(u) = —1 when p = 2, 
then for any prime p the ray class number of K = Q(y/d) mod p k is: 



^ — ^- \Cl L K \ ifk>m d . 



n]V I _ ) sd, P 

S d,p 



\ClW if k < rrid. 



pi 



2) In the case p = 2 and N(u) = 1, we also have \Clj^ +1 \ = 2\Cl 2 ^\ for any k > 



Proof We have v p (u S q' v — 1) = m dp and 0\ = {v,Q d ' p } n6 z. For k < m djP , by definition we 

know O v l = {u s d ' pn } n& , thus 0* + /0^ = Z/s d>p . For k > m d , p : if p > 2, directly we have 

the valuation u p (u s Q d ' pP ' — 1) = u p (u s Q d ' p — 1) + k — m d , p — k; if p — 2, by Lemma I2TT1 

777,^2 = v p (uq — 1) = fp(w 2 — 1) > 2, so we also have u p (u s Q d ' pP ' — 1) = k. By induction 

on fc, we have = {u d ' ppk ~ md ' Pn } neZ for fc > m d)P , thus 0* + /O p + ^ Z/p k ~ m ^ x Z/s d , p . 
Recall the exact sequence from class field theory, 

(2.9) 1 -> -> (0 K /m)* -> CZ£ -> -> 1. 

Together with the order | (Ox /V s )* I = (p^ — l)p-^ fc ~ 1 -' = (p 2 — l)p 2 ( fc_1 ), given by Propo- 
sition 1.4 in [CDO], we get the conclusion in part 1) of the proposition. 

For part 2), the norm N(u) = 1, so 0* + = {u n } n£ z- We know u 3 = 1 mod 2, since 
|0;/0 2 | divides |(C/</2)*| = 3. So the valuation z/ 2 (w 6 - 1) > 2. For any k > u 2 (u 6 - 1), 
we have \0* + /0 2 + +1 \ = 2\0* + /0 2 + +1 \. Proposition 1.4 in [CDO] says the order \(0 K /2 k )\ = 
3 • 4 A; ~ 1 . Combining with the exact sequence 12.91 we get \Cl 2 * I = 2|CZ|| for any k > 
is 2 (u 6 - 1). □ 



Corollary 2.10. Let K = Q(vcf) be a real quadratic field, where d = 5 mod 8 is a 
square-free positive integer. Assume the fundamental unit u = sdblA of K has norm —1 
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and a, b are both odd. Then the ray class number of K mod 2 k for any positive integer k 
is as follows: 

\ri 2k \ - ! \ ci k\ f° r k = l, 
|0 Kl \ 2 k \Cl K \ for k > 2. 

Thus the ray class field of K mod 2 is just the big Hilbert class field of K . 

Proof. With the above assumption, Lemma l2~7l says Sd,2 = 3 and = 2. Now applying 
Proposition 12.81 to the case p = 2 gives the ray class numbers. □ 

fc + 1 k 

Proof of Theorem \1.3[ Proposition 12.81 says that \CF K | = p\CF K \ for k > m , where 
= v 2 (u 6 — 1) if p — 2 and N(u) = 1, and m = m djP otherwise. So Rk+i/Rk is of 
degree p. Since Q(C P fc + 1 )/Q(Cp) is °f conductor the conductor of Rk(( p k+i) / Rk divides 
p h and is of degree p, so = ^(Cfc+i) for /c >>> 0. 

For part b), the ray class field R\ is the big Hilbert class field by Corollary 12.101 If 
k > 2, the conductor of K(( 2 k)/K divides 2 k ~ 2 , and the conductor of K(\^2u) over K 
is 2 2 , so the conductor of H(yMu, Ca*)/# divides 2 fc . Also [i? Ca*) : ^] = 2 fe |C/^| 
which equals the ray class number by Corollary I2.10[ so H(^/2u, £ 2 k) is the ray class field 
Rk of K mod p k , and i?fc+i = i?fc(Cp fc + 1 )- ^ 

Remark 2.11. In i/ie case iV(u) = 1, Kitaoka also constructed the maximal real subex- 
tension of R\jK in [Kl] . 



3. Ray class groups of Q(( p ) 

In this section, we will consider prime cyclotomic number fields K = Q(( p ) with p > 2. 
Let p be the unique prime (1 — £p) above p in the ring of integer Ok of K. For any integer 

k > 0, denote by C7j^ the ray class group of K modulo m = p k . Let 0\, resp. 0™, be 
the group of totally positive units of Ok, resp. of totally positive units = 1 mod m. By 
class field theory, one has the following exact sequence: 

(3.1) 1 -> OyO^ -> (Ojf/m)* -> -> -> 1. 

Proposition 1.4 of [CDOj gives the order of (0 K /vn)*, which is \(0 K /vn)*\ — (p — l)p fc_1 . 
Denote by O*, resp. O m , the group of units of Ok, resp. of units = 1 mod m. Since 
K = Q(C P ) is totally complex and all units are totally positive, we have O* = 0* +1 
O m = O™ and Cl K is the class group CIk of K. The ray class number of K modulo m 

is \Cl K \ = by the exact sequence 13 . 11 For 2 < i < let Ui = be the 

cyclotomic units, so = J2]=i())(Cp ~ 1) J_:L - Denote by A the primitive {p— l)th root of 
unity in (Z/p)*. 

Lemma 3.2. For k = 1,2, we have 0*/O pk = (0 K /p k )*, thus Cl K = Cl K = Cl$. 

Proof. For k = 1,2, there is a natural inclusion % : 0*/O p " ^ (0 K /p k )*, where (0 K /p)* = 
F* and (Ok/P 2 )* — %/p(p — Consider the cyclotomic unit u\, we know u\ = X mod 
(C p — 1), i.e. u\ has order p — 1 mod (£ p — 1); also we have u p x = X mod (( p — l) 2 , so 
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u x e 0*/O p2 has order p(p - 1). Thus 0*/O ph = {0 K /p k )* and Cl p K = Cl K Cl p K by 
the exact sequence 13.11 □ 

Lemma 3.3. For any integer k > 2, if k is odd or (p — l)\k, then O pL = O p +1 . 

Proof. For any k > 2, if x G O p , then x — 1 = mod (C P — l) 2 . Write x = Cp* x o, where 
x Q G Q(C P + C 1 )- Since & = (1 + (C P - = 1 + a x {( P - 1) mod (Cp - l) 2 , we have 



p\a x , thus x = xq G Q(Cp + Cp X ) is reai - So z/ p (x — 1) is even, i.e. O p = O p for is odd. 
For any k = k'{p — 1) > (p — 1), if x E (9 P \ then x = 1 mod p fc '. Since every element of 
Z[C P ] is congruent to a rational integer modulo p, we can write x = 1 +p k a + p k y(( p — 1), 
where y G Z[C P ] and a G Z. Then 1 = iV(x) = (1 + p k ' a)^ 1 = 1 + (p - l)p fe 'a = 1 - /'a 
mod p fc+1 , so (Cp - 1)| a and x = 1 mod p fe+1 ; thus C" 3 " = O pfc+1 . □ 



LEMMA 3.4. Assume p \ \CIq^ Then for any even integer 2 < k < p — 3, 

we have O pk+l{P ' 1] / ■0P* +l+ **- 1) ^ Z/pZ t/ 7 > 7fc ; and = {1} ^ 

< 7 < 7fc ; where 7fc > is £/ie smallest integer such that p 2 T fc+1 \ B kp i k . Thus if p is 

k' k' + l 

regular, we have O p jO p = Z/p for any even integer k' such that (p — 1) { k' . 

Proof. Let E [ k N) = YliZliCv^ • izf j""^'" 1 as in section 8.3 of [Wa], where = 
o;(z) mod p N , to is the Teichmiiller character and cXj(C P ) = C- By Proposition 8.12 of 

[Wa], we have i/ p (log p (£f°)) = k + (p - lK(L p (l,o/)) for iV > 1 + u p (L p (l, u k )). By 
Theorems 5.11 and 5.12 in |Waj . for any 7 > we have L p (l, u kpl ) = L p (l — kp" 1 , u kpJ ) = 
-(1 - p ^-i)EML = _^£L mod p 7+i. So 7 fc = z/p(L p (l,^)). Write ^ 1+7fe) = a fc + 
&fc(Cp - l)* 4 ^^ 1 ) mod pfc+2+7 fe (P-i) W ith p f a fc 6 fc . Let 1 < a^ 1 < g - 1 be the inverse 
of a k in (Z/p)*; then = a^ 1 mod p. Define x k = £'^ 1+7fc ^ . it^; then x k = 1 + 

a k %(C P ~ l) k+ ^~V mod p*+2+^(P-i), i.e. x k G O^ 7 ^" 15 - . Thus x 7 ^ G 

^+,(p-d _ 0p w-i-Mr(p-i) for &ny 7 > ^_ go 0/+*-:) 0pfc+ x^( P -i) for any 7 > ^_ Qn 

the other hand, we have a natural injection QP h+l{p 1] jQv k+1+l{p 1} i ^P + ^^ (p _ ) 1) = Z/p. 
So 0pfc+1+7(p „ 1} = Z/p for 7 > 7 fc . When 7 < 7*., the condition p f |C7 QKp+c -i)| implies 
the S^'s generate e>7(0*) p where 2 runs through all even integers in [2, p — 3]. So 

pfc + i +7 ( P -i) = {1} for 7 < 7fc. If p is regular, then p f 5^, i.e. 7/t = for any even integer 
2 < < p — 3, and the conclusion follows. □ 

Combining Lemmas 13.21 13.31 and 13.41 we can give the order of the ray class groups in 
the case p is regular. 



PROPOSITION 3.5. For an odd regular prime p, the ray class number of K — v:vsp; 
mod m = (Cp — l) fc is: 

\Cl K \ ifk<2, 
/v 1 \Cl K \ .p [ f ]+[ f^i ] - 1 ifk > 3. 



\Cl 



m I 
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fc + 1 k 

Proof. When k < 2, this is just Lemma 13.21 For k > 3, we know \Cl K /Cl p K \ = 
p/pP : O p } by the exact sequence 13. 11 The conclusion directly comes from Lemma 
13.31 and Lemma 13.41 □ 

Remark 3.6. The above proposition shows the ray class number of K = Q(C P ) mod 
(1 — ( p ) h for an odd regular prime p and any k G N is a product of a power of p (possibly 
1) and \CIk\- Fn fact the statement is true even without the condition p is regular: by 
Lemma \3. S\ we have p — 1||(9*/(9 P |; combining with the exact sequence \3.1\ we get the 
same conclusion. 

Denote by O and p the valuation ring in the p-adic completion Q p (( p ) and its maximal 
ideal. Denote by O*, resp. tj( k \ the group of units, resp. the group of units = 1 mod p k 
in O. The next proposition will give the p-rank of the ray class group, i.e. the minimal 
number of generators for the p-part of the ray class group. 

Proposition 3.7. For any odd prime p and any integer k 3> ; The p-rank of the ray 
class group of K = Q(C P ) mod m = (( p — l) k is (p + l)/2. 

Proof. We will show that the p-part of the ray class group has rank (p+l)/2 when k — > oo. 
Taking the projective limit of the exact sequence 13.11 we get 

1 -> limC7C m -> \im(0 K /my -> limc7Z£ -> Cl l K -> 1, (*), 
On the one hand, we have 

lim(C x /p fe )* = lim(C>/p fc )* £ \rmd*/U {k) = O* = (Z P (Q)*. 

In the discrete valuation ring, the units (Z P (C P ))* = Z/(p - 1)Z x Z/pZ x U {2) . When 
k = 2, we have the topological isomorphism of Z p -modules, log : U k — > p k = O. Since 
O admits an integral basis a±, . . . , a p -\, i.e. O = Z v a\ ® ■ ■ ■ © Z v a v -\ = Z p ~ x , we have 
(j(2) ^ Z p-i_ Thug the pro j ective limit lim^(C^/m)* ^ Z/(p - 1)Z © Z/pZ © Z^" 1 . On 
the other hand, linu_ 0*/O m = lim^O*/O p x lim^O p /O m . By Lemma [321 we have 
lhm- C*/O p = Z/(p - 1)Z, and lim^ O v /O m is the pro-p-completion O p © Z p . Since 
Leopoldt's conjecture is true for cyclotomic fields (see Corollary 5.32 of [Waj ). we know 
that the Z p -rank of the closure of the global principal units O p in the local units (Z p [£ p ])* 
is Together with the p-th roots of unity in C p , we have 

limC7C m = Z/(p- 1)Z x Z/pZ x Z^ . 

Therefore from the exact sequence (*), we get Cl^ = Cljc x Z p p+1 ^ 2 . □ 
We now focus on the explicit structure of the ray class groups. 

Lemma 3.8. Assume p is a regular odd prime. For 3 < k < p, the ray class group 
Cl p x ^ Cl K x (Z/pZ)^]- 1 ; and for k=p, the ray class group Cl% ^ (Z/pZ) 2 ^. 
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Proof. From the exact sequence 13.11 we have CZJJ — c?*/o m x CIk> where m = p fe . So 
the p-part of the ray class group is a quotient of (O/m)*. We have (0/m)* = (O/m)* = 
(9*/f>( fc ) Z/(p - 1)Z x Z/pZ x UW/UW. For fc < p, we know U^/U^ = (Z/pZ) fc ~ 2 . 
So (O/m)* = Z/(p - 1)Z x (Z/pZ)^ 1 . Thus Proposition [33] gives the conclusion. □ 



Next we will use Propositions 13.51 13.71 and Lemma 13.81 to prove Theorem 11.41 in the 
introduction. 



Proof of Theorem \1.4\ For k < p, the conclusion is just Lemma [3.81 Now assume k > p. 
On the one hand, we know that (0 K /m)* = Z/(p - 1)Z x (Z/pZ) x U<$/UW 2* Z/(p - 
1)Z x Z/pZ x (Z/p m Z)P- 1 - fco x (Z/p m+1 Z) fco ; on the other hand, C*/C m = // p x Z/(p - 
1)Z x CP7C pfc - Pick any x e O p2 , define ^ = z/ p (x - 1); so v x > 2. Then u p (x pm+1 - 1) = 
(m+l)(p— l)+v x > fc, i.e. x has order dividing p m+1 in O p2 /O pk . If there exists an element 
y G O p jO p which has order less than p m , then v y + (m — l)(p — 1) = Vp(y pm — 1) > k, 
so > p. Thus y is a unit and y = 1 mod p, by Theorem 5.36 of [Waj . we have y = y\ for 
some i/o 6 P . So C p /O p is a product of copies of Z/p m and Z/p m+1 . By Proposition 
13.51 we can also get the order of O p /O p , by the exact sequence 13.11 the structure: 



O p /O p 



(Z/p m+1 Z) k °- 



x (Z/p-Z) 2 ^-^- 



(Z/p" 



if A; ^ p - 2, 
if fc — P — 2. 



Notice CIk C C/^-, so the p-rank of the p-part of the ray class group is no less than 
^rj-, thus is exactly 2±- by Proposition 13.71 which forces the ray class groups to have the 
structure as in the conclusion. □ 



Remark 3.9. Using [PARI2J, we compute the ray class groups of some cyclotomic 
number fields as in Table WTQ which are consistent with the propositions above. 



K 


P 


Cl K 


CF K 


Cli 


Q(C 23 ) 


2?>O k 


Z/3 


Z/(3-23)x(Z/23) 9 


Z/(3-23 2 )x(Z/23 2 ) 9 x(Z/23) 2 


Q(C 29 ) 


2§O k 


(Z/2) 3 


(Z/2-29) 3 x(Z/29) 10 


(Z/2-29 2 ) 3 x(Z/29 2 ) 10 x(Z/29) 2 


Q(Csi) 


SW K 


Z/9 


(Z/9-31)x(Z/31) 13 


(Z/9-31 2 )x(Z/31 2 ) 13 x(Z/31) 2 


Q(C 37 ) 


370 K 


Z/37 


Z/(37 2 )x(Z/37) 17 


(Z/37 3 )x(Z/37 2 ) 16 x(Z/37) 3 


Q(C 4 i) 


±io K 


(Z/ll) 2 


(Z/41-ll) 2 x(Z/41) 17 


(Z/41 2 -ll) 2 x(Z/41 2 ) 17 x (Z/41) 2 


Q(C43) 




Z/211 


(Z/211 -43)x(Z/43) 19 


Z/(211-43 2 )x(Z/43 2 ) 19 x(Z/43) 2 


Q(C 47 ) 


470* 


Z/(5-139) 


(Z/5-13947)x(Z/47) 21 


Z/(5-139-47 2 )x(Z/47 2 ) 21 x(Z/47) 2 



Table 3.9. Ray class groups of cyclotomic number fields 



As an application of the ray class groups, we consider extensions K/Q with meta- 
abelian Galois group G, i.e. G is trivial. Next we will give the proof of Corollary 11.51 in 
the introduction, which is very similar to a statement discovered independently in |JP] . 
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Proof of Corollary \ 1.51 Consider the fixed field K' of G' in K/Q. Since G/G' is abelian, 
and K' is tamely ramified and ramified only at p, we know K' is contained in Q(C P )- Since 
Kj K' is abelian and ramified only at p, we know K is contained in a ray class field R of 
Q(C P ) f° r a modulus m = (1 — ( p ) k for some k. From Remark [3T61 we know that |C^q(£ J 
is a product of a power of p and the class number of Q(Cp)- By class field theory R/Q(( p ) 
is of degree |C7q(£ )|> a product of a power of p and the class number Clq^ p y Therefore 
R corresponds to a p-extension of the Hilbert class field H of Q(Cp)- Consider any prime 
I in R. The inertia degree \Ir/q^ p )\ = \Ir/h\ °f ^ i n R/Q{(p) divides [R : if] and is a 
power of p. So \Ik/k'\ is also a power of p. But if/Q is tamely ramified. So Ik/(KTiH) ^ s 
trivial, thus K/K' is unramified, i.e. K is contained in the Hilbert class field of Q(Cp)- D 
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